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SEMI-CLASSICAL STATES FOR THE NONLINEAR SCHRODINGER 

EQUATION ON SADDLE POINTS OF THE POTENTIAL VIA 

VARIATIONAL METHODS 

PIETRO D'AVENIA\ ALESSIO POMPONIO\ AND DAVID RUIZ^ 



Abstract. In this paper we study semiclassical states for the problem 

-e^Au + V(x)u = f{u) inR'^, 

Cu ■ where /(«) is a superlinear nonlinear term. Under our hypotheses on / a Lyapunov- 

Schmidt reduction is not possible. We use variational methods to prove the exis- 
tence of spikes around saddle points of the potential V(x). 



1. Introduction 

Our starting point is the equation of the standing waves for the Nonlinear 
Schrodinger Equation: 



(1) -e^Au + V{x)u^ f{u) 



l,N 



Here u G H^CU.'^), N ^ 2, V{x) is a positive potential and / is a nonlinear term. 

This problem has been largely studied in the literature, and it is not possible to 
-vj . give here a complete bibliography. 

^ ■ The existence of solutions for (1) has been treated in [8, 30] for constant poten- 

CNj , tials and [5, 6, 15, 29] in more general cases. An interesting issue concerning (1) is 

'^ ■ the existence of semiclassical states, which implies the study of (1) for small e > 0. 

From the point of view of Physics, semiclassical states describe a kind of transition 

from Quantum Mechanics to Newtonian Mechanics. In this framework one is in- 
t^ , terested not only in existence of solutions but also in their asymptotic behavior as 

e — )> 0. Typically, solutions tend to concentrate around critical points of V: such 

solutions are called spikes. 

The first result in this direction was given by Floer and Weinstein in [18], where 

the case iV = 1 and f{u) = u'^ is considered. Later, Oh generalized this result to 

higher values of A^ and f{u) = uP, I < p < %^, see [27, 28]. In those papers 

existence of spikes around any non-degenerate critical point .tq of V{x) is proved. 

Roughly speaking, a spike is a solution u^ such that: 

^^'x-Xq\ 

U as e -^ 0, 



£ 

where C/ is a ground state solution of the limit problem: 

(2) - At/ + F(xo)C/ = /([/). 
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2 D'AVENIA, POMPONIO, AND RUIZ 

Let us point out here that not any critical point of V{x) will generate a spike 
around it: for instance, it has been proved in [16, 17] that (1) has no non-trivial solu- 
tion if V{x) is decreasing along a direction (and different from constant). However, 
[1, 24] extended the previous result to some possibly degenerate critical points of 
V. 

All those results ([1, 18, 24, 27, 28]) use the following non-degeneracy condition 
for (2): 

(ND) The vector space of solutions of —Aw + V{xo)w — f'{U)w is generated by 
{a,,[/, i = l...N.}. 

This property is essential in their approach since they use a Lyapunov-Schmidt 
reduction which is based on the study of the linearized problem. The argument of 
the proof of (ND) (see for instance [2], Chapter 4) needs a non-existence result for 
ODE's that has been proved only for specific types of nonlinearities, like powers 
(see [22]). 

A first attempt to generalize such result without assuming (ND) was given in 
[12] (see also [19]), which was later improved by [13, 14]. Here the procedure 
is completely different, and uses a variational approach applied to a truncated 
problem. In those papers the following hypotheses are made on /: 

(fO) / : [0,+oo) ^KisCi; 

(fl) /(s) = o{s) as s - 0; 

(f2) lim,^+oo ^ = for some p e {I, f^) if A^ ^ 3, or just p > 1 if A^ = 2; 

(f3) there exists /x > 2 such that, for every s > 0, 

< ^lFis) < sfis), 

where F{s) = J^ f{t)dt; 
(f4) the map 1 1-^ ^^ is non-decreasing. 

The first two conditions imply that / is superlinear and sub-critical, and are 
quite natural in this framework. Condition (f3) is the so-called Ambrosetti-Rabinowitz 
condition, which has been imposed many times in order to deal with superlinear 
problems. Finally, condition (f4) is suitable for using a Nehari manifold approach. 

Under those conditions, [14] shows the existence of spikes around critical points 
of V{x) under certain conditions. Roughly speaking, the critical points considered 
are those that can be found through a local min-max approach; this is a very gen- 
eral assumption and includes of course any non-degenerate critical point. 

Recently, some papers have tried to eliminate some of the conditions (f3)-(f4), 
or to substitute them with other assumptions. For instance, in [11, 20] condition 
(f4) is removed (moreover, [20] deals also with asymptotically linear problems, 
where (f3) is replaced with another condition). In [4, 9, 10] both conditions (f3) 
and (f4) are eliminated, and the authors assume the minimal hypotheses under 
which one can prove the existence of solution for (2) (those of [8]). However, in 
[4, 9, 10, 11, 20] only the case of local minima of V{x) is considered. 

The goal of this paper is to prove existence of spikes around saddle points or 
maxima of V{x) without assumption (f4). Our approach is reminiscent of [14]; 
basically, we define a conveniently modified energy functional and try to prove 
existence of solution by variational methods. The main difference with respect to 
[14] is that, since (f4) is not assumed, the Nehari manifold technique is not applica- 
ble here. So, we need to construct a different min-max argument, which involves 
suitable deformations of certain cones in H^{M.^). This approach seems very nat- 
ural but has not been used before in the related literature. As a second novelty, a 
classical property of the Brouwer degree regarding the existence of connected sets 
of solutions reveals crucial to estimate the critical values (see [23, 26]). Indeed, this 
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property allows us to relate our min-max value to another min-max value with 
the constraint of having center of mass equal to (see Section 3 for a more detailed 
exposition). 

Finally, once a solution is obtained, asymptotic estimates are needed in order to 
prove that the solution of the modified problem solves (1). 

We assume that V : R^ ^ R is a function satisfying the following boundedness 
condition: 

(VO) < ai ^ V{x) ^ a2, for all x G M^; 

Moreover, with respect to the critical point 0, we assume that one of the follow- 
ing conditions is satisfied: 

(VI) V{0) = 1, F is C^ in a neighborhood of and is an isolated local maxi- 
mum of V. 

(V2) V{0) = 1, y is C^ in a neighborhood of and is a non-degenerate saddle 
critical point of V. 

(V3) V{0) = 1, y is C^~^ in a neighborhood of 0, is an isolated critical point 
of V{x) and there exists a vector space E such that: 

a) V\e has a local maximum at 0; 

b) V\e^ has a local minimum at 0. 

Our assumptions on the critical points of V are not as general as in [14], but still 
include non-degenerate cases, as well as isolated maxima and many degenerate 
cases. 

Our main theorem is the following: 

Theorem 1.1. Assume that f satisfies hypotheses (fO), (fl), (fZ), (f3), and that V satisfies 
(VO) and one of (VI), (V2) or (V3). Then there exists eo > such that (1) admits a 
positive solution u^^for e e (0, eo)- Moreover, there exists {ye} C M^ such that eye -^ 
and: 

Ue{e{- + ye))'^UinH\R^), 
where U is a ground state solution for 

-AU + U^f{U). 

This result can be compared with [14, 9] as follows. In [14] more general critical 
points of the potential V{x) are considered, but condition (f4) is assumed. On 
the other hand, the hypotheses on / of [9] are less restrictive than ours, but [9] 
considers only local minima of V. 

The rest of the paper is organized as follows. In Section 2 we will give some 
preliminary results, most of them well-known, related to some autonomous limit 
problems. We will also define the truncation of the problem that will be used 
throughout the paper. The min-max argument is exposed in Section 3. There we 
will prove the main estimate needed for our argument, stated in Proposition 3.3. 
This estimate will imply the existence of a solution for the truncated problem. In 
Section 4 some asymptotic estimates on the solutions will be given: in particular 
we will show that the solutions of the truncated problem actually solve our orig- 
inal problem. Finally, in Section 5 some possible extensions of our result will be 
briefly commented, and some technicalities are explained in detail. 

Acknowledgement. This work has been partially carried out during a stay of 
Pietro d'Avenia and Alessio Pomponio in Granada. They would like to express 
their deep gratitude to the Departamento de Analisis Matematico for the support 
and warm hospitality. 
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2. Preliminaries 

In this section we will give some preliminary definitions and results that will 
be used in our arguments. First, we will define a certain truncation of f{u), and 
establish the basic properties of the related problem. After that, we will address 
the study of certain limit problems that will appear naturally in later proofs. 

Let us first fix some notation. In K^, B{x, R) will denote the usual euclidean 
ball centered at a; G M^ and with radius R > Q. Given any set A C M.^ , its 
complement is denoted by A"^. Moreover, for any e > 0, we write: 

A'^ := e-^A = {x e M.^ \ ex E A} . 

In what follows we will denote by || • || the usual norm oi H^ (M^): other norms, 
like Lebesgue norms, will be indicated with a subscript. If nothing is specified, 
strong and weak convergence of sequences of functions are assumed in the space 

In our estimates, we will frequently denote by C > 0, c > fixed constants, 
that may change from line to line, but are always independent of the variable 
under consideration. We also use the notations 0(l),o(l),0(e),o(e) to describe 
the asymptotic behaviors of quantities in a standard way. 

2.1. The truncated problem. By making the change of variable x ^ ex, problem 
(1) becomes: 

(3) - Au + V{ex)u = /(u) in R^. 

In what follows it will be useful to extend f{u) as for negative values of u. 
Observe that, by the maximum principle, any nontrivial solution of (3) will be 
positive, so that we come back to our original problem. 

It is well-known that solutions of (3) correspond to critical points of the func- 
tional /^ :i7i(M'^) ^K, 

h{u) = \l \S7u\' + U ViexW-f F{u). 

However, we will not deal with (3) and I^ directly. First, we will use a convenient 
truncation of the nonlinear term /(w), in the line of [12, 13, 14, 20]. The idea is 
to localize the problem around 0, so that the energy functional becomes coercive 
far from the origin. By using min-max arguments we will find a solution of the 
truncated problem. In Section 4 we will show that such solution actually solves 
(3). 

Let us define: 



K^) 



min{/(s), as\ s ^ 
s < 



with 

(4) 0< a< n - - j ai. 

We also define the primitive F{s) = /^ f{t)dt. 

In the following we will consider the balls Bt := B{0, Ri) C K^ (i = 0, . . . , 4) 
with Ri < Ri+i for i ~ 0,1, 2, 3, where Ri are small positive constants to be deter- 
mined. For technical reasons, we will choose i?i such that: 

(5) Va; e dBi with V{x) = 1, drV{x) ^ 0, where r is tangent to dBi at x. 

In cases (VI) and (V2) it is clear that such a choice is possible. In case (V3) this 
is also true, see Proposition 5.1 in the Appendix. Observe that this is the unique 
point where the C^^^ regularity of V is needed in case (V3). 



Next we define x 
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(6) X(^) = <; t^ x&B^\B„ 

and then 

g{x,s)=x{x)f{s) + {l-x{x))Ks). 

G{x, s) := / gix, t)dt = x{x)F{s) + (1 - x(a:)) F(.s). 



Jo 
We denote with subscripts the dilation of the previous functions; being specific, 

Xe{x) = x(ea;), 

and 

9e{x, s) :== g{ex, s) = Xe{x)f{s) + (1 - Xe{x)) f{s). 
So, in this section we consider the truncated problem: 

(7) - Au + V{ex)u = ge{x,u) inR^. 

As mentioned above, we will find solutions of (7) as critical points of the asso- 
ciated energy functional I^ : H^{M.^) — > R, which is defined as: 

ie{u) = \l Wu\^ + \l V{ex)u^~[ Ge(a;,u), 
^ JR« ^ J]a« JR" 

with 

G,{x,s):= f g,ix,t)dt^Xeix)F{s) + {l-Xeix))F{s). 



JQ 

In the next lemma we collect some properties of the functions defined above 
that will be of use in our reasonings: 

Lemma 2.1. There holds: 

(h) F{s) !^ min{ias2, F{s)}; 

(i2) there exists r > such that f{s) = f{s)for s e (0, r); 

(gl) Geix,s) i^ F{s)forall {x,s) G R^ x R; 

(g2) g,{x, s) = f{s) if\s\ <ror xe Af; 

(fg) for any (5 > there exists Cs > Q such that: 

\f{s)\^5\s\ + Cs\sY', 
and the same assertion also holds for f{s), ge{x, s). 

Proof. Properties (f 1), (f2), (gl), (g2) follow immediately from the definitions of / 
and ge- Finally, property (fg) follows from the assumptions (fl) and (f2) made on 
/• 

n 

Proposition 2.2. For every e > 0, the functional I^ satisfies the Palais-Sniale condition. 

The proof of this result is basically identical to the proof of [12, Lemma 1.1]. We 
reproduce it here for the sake of completeness. 

Proof. Let {«„} be a (PS) sequence for I^, i.e. 

^ ./BJv A .IvN .Ion 



and 



r^{Un)[Un]= / |Vu„| + / V{ex)u„- / g^{x,Un)Ur, 
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Then, by (4) we have 

^ie(u„) -/^(u„)[u„] = (- - 1) / {\VUn\'^ +V{ex)ul) - Xe{x){p.F{Un)~ f{Un)Un) 

(1 - Xe{x)) \jlF{Un) - f{u.n)Unj 



^c||w„||^. 

Then {«„} is bounded and hence w„ ^ u up to a subsequence. Now we show that 
this convergence is strong. It is sufficient to prove that for every 5 > there exists 
i? > such that 

limsup \\Un\\m(B(0,RY) < ^- 

n 

We take i? > such that B| c B(0,i?/2). Let (t)R a cut-off function such that 

(j)R = Om B{0, R/2), (j)B = lm B{0, Rf, =^ </>h ^ 1 and \V(t)R\ ^ C/R. Then 



l'e{Un)[4>RUn]= I '^ Un ■ '^ {(f> RUn) + V{ex)u^(l)R- ^^(x, M„)0i?U„ = 0„ (1) 

since {u„} is bounded. Therefore 

{\VUn\'^ + V{ex)uf^) (j)B^ f{Un)4>RUn- I U„ Vm„ ■ V0i^ + 0„ (1) 



R" 

c 



and so 

|2 



hnllffMBCO.fl)-) =^ C/i?+0„(l). 

n 

2.2. The limit problems. Let us start by studying the limit problem: 

{LVk) - Am + ku - f{u) 

for some fc > 0. The associated energy functional $fe : _ff^(M^) — ^ M is defined as: 

(8) '^k{u) = \j \Vu\^ + U n^- I F{u). 

^ JR^ ^ JR« JR" 

Problem {CVk) can be attacked by using the Mountain Pass Theorem in a radially 
symmetric framework, see [3, 7, 8]. Indeed, let us define: 

(9) TOfe = inf max $^(7(0), 

leVk te[o,i] 

withPfc = {7 6 C([0, l],iJi(R^)) : 7(0) = 0,$fe(7(l)) < 0}. It can be proved that 
mfc is a critical value of $a:/ that is, there exists a solution J7 e iJ^(R^) of {CVk) 
such that $fc(^) = "T,fc. Moreover, it is known that f7 is a ground state solution or, 
in other words, it is the solution with minimal energy, see [21]. 

However, without some additional hjrpotheses on /, it is not known whether 
that solution is unique or not. Every non-negative solution U of {CVk) satisfies the 
following properties (see [8, 30]): 

• C/(a;) > 0, [/ is C°° and radially symmetric; 

• U{r) is decreasing in r = |a::| and converges to zero exponentially as r — ;> 
+00. 

• The Pohozaev identity holds: 

!l_lf \yu\- + k^f U' = Nf F[U). 

^ JR" ^ JR« JR« 



SEMI-CLASSICAL STATES FOR THE NLSE 7 

In [21] it is also proved that the infimum in (9) is actually a minimum. Being 
more specific, we have: 

Lemma 2.3. ([21, Lemma 2.1]) Let U e i?i(R^) a ground state solution of {CPk)- 
Then, there exists 7 G F/j such that U G 7([0, 1]) and 

max <^k{l{t)) = mk- 
te[o,i] 

Let us briefly describe the construction in [21]. Given t > 0, we denote: 

Ut = ui-^, t > 0. 



For iV ^ 3, the curve 7 is constructed by simply dilating the space variable; 
indeed, for 6 large enough, 

r Ut ifte(o,0], 
^W = |o ifi = 0. 

For N — 2 the construction combines dilation and multiplication by constants 
in a certain way: 

tUeo iftG[0,l], 

Ue ii9e[eo,0i], 

tUg, at £[1,62]. 

with suitable ^o G (0,1) and ^1,^2 > 1- Observe that in both cases 7 is defined in a 
closed interval: a suitable re-parametrization of it gives us the desired curve. 
This curve will be of use for the construction of our min-max scheme. 

The following lemma studies the dependence of the critical level on k: 

Lemma 2.4. The map m : (0, +00) -^ (0, +cxo), 

m{k) ~ mk- 
is strictly increasing and continuous. 

Proof. Let us first show that m is strictly increasing. Take fci , fc2 > with fci < k2 
and 7 G Ffcj given by Lemma 2.3. Observe that clearly 7 G F^^, and: 

ruk^ s^ max ^kihit)) < max $fc2(7(0) = "^^2- 
te[o,i] te[o,i] 

We now prove the continuity of m. Take {kj}j a sequence of positive real num- 
bers that converges to k > 0. As above, take 7 G Ffe given by Lemma 2.3: then, for 
j large enough 7 G Ffc^ and 

irikj < max $fcj(7(*)) "^ max $fc(7(t)) == m^. 
Then 

limSUpTTifc, SC TTifc. 

We now prove a reversed inequality. For every j G N, we consider Uj a radially 
symmetric least energy solution of 

(CPk,) -Au + k,u = f{u). 

The sequence {Uj}j is bounded in i7^(R^)-norm. Indeed, since 



and 
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then, we obtain by (f3) 

Therefore JTj ^ C/ in H^{R^) = {u e iJi(R^) | u is radially symmetric}. By the 
compact embedding of H^{R^) into i''+i(R^) (see [30]), we get that Uj ^ U in 

Since 

If iVt/.P + ^f Uf^m,^+f F{U,)^c>Q 

^ Jm?i ^ Jk« Jr" 

and, by (fg), fixed 5 > small enough, 

Jr« jr« jr» 

so that J7 7^ 0. 

Observe that U is a positive radially symmetric solution of the problem: 

-AU + kU = f{U). 

Moreover, using the strong convergence in L'p^^(R.^), 

I F{U,) ^ / F{U). 

Jr" Jr« 

By the lower semicontinuity of the H^ (K^) norm, we conclude: 



liminf mfc = liminf $fc, ([/,) ^ $fc(f7) ^ ruk- 



n 



We finish the section with a couple of definitions that will be of use later. First, 
let us restrict ourselves to the case k = 1; for simplicity, we will denote: 

<f> :— $1, m :— mi. 

Let us define: 

(10) S^{ue H\R^) I $(u) = m, $'(u) = O} . 

In other words, S denotes the set of positive ground state solutions of the problem: 

— Au + u — f(u). 

Moreover, given any y G M^, we define the energy fiinctional Jy : H^{R^) — > 



(11) Jy{u) = - |V^p + ^/ u'^ G{y,u) 



^ JR« ^ 

Obviously, the critical points of Jy are solutions of the problem: 

-Au^V{y)u^ g{y,u). 
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3. The min-max argument 



In this section we will develop the min-max argument that will provide the 
existence of a solution. In order to do that, some estimates on the min-max value 
are needed: those are the fundamental part of our work, and are contained in 
Proposition 3.3. A key ingredient of our proof is a classical property of the Brouwer 
degree concerning existence of connected sets of solutions (see the proof of Lemma 
3.5). 

First of all, let us observe that under our hypotheses on V, there exists a vector 
space E such that: 

a) V\e has a strict local maximum at 0; 

b) V\e^ has a strict local minimum at 0. 

Indeed, in case (VI) E = M.^ , whereas, in case (V2) E is the space formed by 
eigenvectors associated to negative eigenvalues of D^V{0). 

First of all, let us define the following topological cone: 

(12) C,^{jt{--0\te[OA],CeBlnE}. 

Here 7t = j(t) is the curve given in Lemma 2.3 for fc = 1 and U a radially 
symmetric ground state. Observe that 7(0) = is the vertex of the cone. Let us 
define a family of deformations of C^: 

Te = {?y e C {Ce, H\R^)) T]{u) = u,yue dCe U 4"/2| ^ 

where dCg is the topological boundary of C^ and I^ is the sub-level /™ = {u e 
H^{M.^) I Ie{u) < m/2}. Recall that m = mi is the ground state energy level of the 
problem — Au + u = f{u), see (9). 
We define the min-max level: 

TTie = inf niax/£(77(w)). 

Proposition 3.1. There exist eq > 0, (5 > such that for every e e (0, eq) 

ie\dc, ^m- 6. 
Proof. It suffices to show that: 

(13) 7^(^,(._^))<o y^eBinE 
and 

(14) 4(7t(--0)<™-'5 V^easgni?, fe[0,i]. 
Let us denote U — li{- — C) for some ^ e Bq n i?. Then, 

By the exponential decay of U, we get: 

where v = max^.gjj- V{x) and $1, is defined in (8) . By shrinking Bi, if necessary, 
we can assume that ^u{U) is negative, so we obtain (13). 
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In order to prove (14), let us first observe that there exists a > such that 
V{x) < 1 - CT for every x e dB^ n E. Then, 

Wt{- -0)^ f (h^ltix)]' + ^Vieix + Ohtixr - FMx)) 

JB(0,v^) V^ ^ 

Again by the exponential decay of jt, the second right term tends to zero as 
e — > 0. Observe also that this convergence is uniform in t, since the exponential 
decay is uniform in t. By using dominated convergence theorem. 

Finally, since $i_o-(w) < ^{u) for any u ^ 0, we have that 



max $i_o.(7t) < max $(7*) = m. 
telo,i] telo,i] 



We now give a first estimate on the min-max values: 
Proposition 3.2. We have that 



D 



Proof. By definition. 



limsupvTig ^ 771. 

e-fO 



rrir ^ max I^(u). 
uec. 



So, let us estimate this last term. In the following we take a sequence e = £„ -^ 0, 
but we drop the sub-index n for the sake of clarity. For any e > sufficiently small, 
there exists t^ e [0,1],^^ e B^n E such that: 

max4(w) = leiltA- - ?e)) 

ueCe 

^ I {\\^itA^)? + \yiA^'+^e)HM^ ~ nitAx)) 



■(o,y?) V2 ^ 2 

7^\^ltAx)? + 7;^2it 

Up to a subsequence we can assume that t^ ^- to e [0, 1] and e^e -^ xq e Bq n E. 
Therefore, by the uniform exponential decay of 74 and dominated convergence 
theorem, we get: 

Observe now that V{xo) ^ 1 and then 



*v(xo)(7to) < max $(74) = m. 



D 



The following proposition yields a fundamental estimate in our min-max argu- 
ment: 



Proposition 3.3. There holds 



liminf TTi^ > m. 

e-J-O 



Before proving Proposition 3.3, let us show how it is used to provide existence 
of a solution. The following theorem is the main result of this section: 
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Theorem 3.4. There exists eo > such that for e G (0, eq) there exists a positive solution 
Ue of the problem (7). Moreover, leius) = m^. 

Proof. By Propositions 3.2 and 3.3, we deduce that m^ — > tti as e — > 0. From 
Proposition 3.1 we get that for small values of e, rn^ > maxgc^ le- Moreover, recall 
that /g satisfies the (PS) condition, see Proposition 2.2. Therefore, classical min- 
max theory implies that m^ is a critical value of I^; let us denote u^ a critical point. 
Finally the fact that u^ is positive follows from the maximum principle. 

D 

3.1. Proof of Proposition 3.3. 

The rest of the section is devoted to the proof of Proposition 3.3. This proof will 
be divided in several lemmas and propositions. 

First we define tte as the orthogonal projection on E and we set h^ : M.^ — > E 
defined as h^{x) = t^e{x)xb^{x), where xb' is the characteristic function related 
to Bf. Let us define a barycentre type map P^ : H^{R^) \ {0} — > i? such that for 
anyuG ffi(M^)\{0} 



Peiu) 



/jjjv K{x)u^ dx 



Jj{N u dx 
For a fixed 5 > Q sufficiently small, let us define 

S is connected and compact 

Eci7i(M^)\{0} 3uo,wi GSs.t. Iluoll ^5,h{ui) <0 
VuGS, /?e(w) =0 

Let us observe that we have to require that ^ S because the barycentre P^ is 
not well defined in 0. We also define the corresponding min-max value: 

b^ = inf max/^(u). 

Observe that, since I^ ^ $qi, we have: 

5e ^ m„j > 0. 

Lemma 3.5. There exists eo > such that for any e G (0, eq) and for any r] £ T^ there 
exists E G Se such that S c ?/(Ce). 

Proof. Let us take io > sufficiently small, and 77 G F^. For any t G [^o, 1]/ we 
define i/j^ -.^CiE ^ E such that 



Let us observe that, by the properties oi r] E T^, i]{"ft{- — C)) 7^ 0/ fo^ ^^ * ^ [^o, 1] 
and for all ^ <E B^C] E, and so ipl is well defined. Moreover, ||7to|| can be made 
arbitrary small by taking smaller Iq. 

Moreover, by the exponential decay of 7^, 

'4^t{C) -^ C uniformly in dBf^ n E and t G [to, 1], as e -!■ 0. 
Therefore we can choose e small enough so that 

deg{ilj^,B^ n £;, 0) = deg(Id, B^ nE,0)^ 1, for all t G [to, 1]. 

We can conclude that for every t G [to, 1], there exists ^ e B^ n E such that 
i/f (^) = 0. Moreover there exists a connected and compact set T c [to, 1] x (BqCiE) 
that takes all values in [to, 1] and such that ipl{^) = for all (t, e T, (see [23, 26]). 

Then, it suffices to define 

S = M7t(--C))l(i,0GT}. 
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n 

As a consequence of the previous lemma, we obtain the following inequality: 

Hence, the proof of Proposition 3.3 is completed if we prove the following re- 
sult: 



liminf 6e J^ m. 



Proposition 3.6. We have that 

In order to prove this proposition, we will need some midway lemmas. 

Lemma 3.7. There exists eq > such that, for any e G (0, eq), there exist Ue G H^ (K^), 
with Ps^iug) = 0, and \^ e E such that 

(15) - Aue + V{ex)u^ = ge{x, u^) + A^ • hs{x)u^, 
and 

leiUe) = be- 

Moreover, the sequence {u.} is bounded in H^ (M^). 

Proof. Let e > be fixed. By classical min-max theory, there exists a sequence 
{un} C H^{M.^) which is a constrained (PS) sequence at level b^, namely, there 
exists {Xn} C E such that 

(16) Ie{Un) -^ be, aS n ^ +00, 

(17) leKUn) f — -^ > 0, as n -^ +oo. 



w 



uf, 



Since Pe{un) — 0, by (16) and (17) repeating the arguments of Proposition 2.2, we 
get that {un} is bounded in the H^ —norm, (uniformly with respect to e) and, there- 
fore, up to a subsequence, it converges weakly to some u G H^{W'^). This conver- 
gence is actually strong arguing as in the proof of Proposition 2.2 and choosing R 
big enough such that cpRhe = 0. 

D 

Lemma 3.8. There holds u^xb'^ -^ in L'^{M.^) as e ^ Q. 

Proof. Since u^ is a solution of (15) with /3e(ue) = 0, multiplying (15) by u^, inte- 
grating and using (fg), for a fixed sufficiently small (5 > 0, we have 

\Vu,\^ + V{ex)ul= j g,{x,Ue)ue^ f {a + 5)ul + C f u^+K 

JR« JR« JB| 

Then 

and 

MeXB|-^0, inLP+i(M^). 

Now, by the boundedness of {u^} in iJ^(R^) and so in L'^{U.^), for a certain s > 
p+1, we can conclude by interpolation, indeed, for a suitable a < 1: 

Q<C^ ||Ue||LP+i(i3|) =^ l|w£|IZ2(B.)||We||^T(Be) =^ C\\Ue\\'l2(B'^y 

D 
Lemma 3.9. We have that \\ue\\Hi{{B'')'=) -^ 0- 
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Proof. Let cj)^ : R^ — > M be a smooth function such that 

r inBl 
^^^""l^l 1 in(i?|)^ 

and with ^ 0^ ^ 1 and |V0e| ^ Ce. 

By Lemma 3.7, since (pehe = 0, we have that 

namely, by definition of g^, 

' JR« JR« JK" 

and SO we can conclude observing that 

n 

Lemma 3.10. We have that X^ = 0{e). 

Proof. In the sequel we can suppose that A^ ^ 0, otherwise the lemma is proved. 

Let us denote Ag = Ae/|Ae|. 

Let (/>£ : M^ — >^ M be a smooth function such that 

^'^''> { in(i?|)^ 

with ^ 0e ^ 1 and \V(t>e\ < Ce. 

We follow an idea of [16, 17]. By regularity arguments u^ G i/^(M^) and then we 

are allowed to multiply (15) by <f>ed^ Ug and to integrate by parts. Then 

Bi - " Jbi\b- 



+ / V{£x)Us{dl U^)(t)e- I ge{.X,Ue){dl Ue)(t)e 

Jb- " Jb- 

(18) = / {Xe ■ h,{x))u,{dj^ U,)^,. 

Jbi 
Let us evaluate each term of the previous equality. We have 

JK« Jr" Jr" 

and so 

(19) j [Vu,-y{d~^u,)\^,^^\j |Vu,pa3^^0, = O(e). 
Easily we have 

(20) / (Vu, • V</),)(a3^^Ue) = 0{e). 

JB?,\Bi 

Analogously, we have 

0= [jxAV{ex)ulc^,] 

{dj^ Viex))ul(t>e + 2 f Viex)idj^ u,)we0e + / Viex)ul{dj^ 0,), 
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and so 
(21) 

V{ex)u,{d^^u,)^, = -| / {d-^V{ex))u%-^ f V{ex)ul{d^^^cl,,) = 0(e). 

Moreover, since by the definition of G^, 

d\^Ge(.x,Ue) = £d~^^x{£x){F{ue) - F{u^)) ^ g^{x,Ue)dy^Ue, 
we have 

dl[Ge{x,U^)(t)e] 



e / (F(u,) - F(u, 






and so 
(22) 

/ ge(x,«e)(93, "e)0e = S I {F{u,)~F{u,)){dl x{ex))^e- I G,{x,U,){d~^ (fe) = 0{e). 

Jbi Jbi JBl\Bi 

Finally 

= / d~^^ [(A, • /i.(a;))^2^,] 



= |A,| / uic^, + 2 / (A, • K{x))u,{d-^ u,)4>, + / (A, • K{x))ui{d^^ 0,) 

Jbi Jbi Jbi\b- 

and so 

(23) / (A, • h,ix))u,{d^^ u,^, = -i|Ae| / ulcp, + 0{e). 

Jbi ° ^ Jbi 

By (18)-(23) and by Lemma 3.8, we conclude. D 

Therefore, we can suppose that there exists A e £' such that 

A = lim — . 

e^O e 

Proof of Proposition 3.6. We will consider separately the case A = and A ^^ 0. 

Case 1): A = 0. 

We consider a sequence efc — )• 0, that we still denote by e. 
By [20, Proposition 4.2], there exists n € N, c > and, for alH = 1, . . . , 71, there 
exist yi e B|, jji e B2 and u., e H^{R^) \ {0} such that 

eye ^i/i, 

Ivl^yil ^00, ifi T^j, 

Ue(- + yl) -^ Ik, weakly in H'^{R^), 

\\ut\\ > c, 

n 

u,~J2u,{-^yl)^0, strongly in iJi(M^), 

and Mi is a positive solution of 

-Au, + V(2;,)m, = ,9(yi, Ui). 
Moreover 



lim 6, = lim leiuA = > Jo ( 



4=1 
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Since, by (gl), we have that Jy. (itj) ^ ^v{yi) ("0' for alii = 1, . . . , 71, to conclude 
the proof, we have only to show that 

n 

4=1 

This is trivially true if n ^ 2 by Lemma 2.4, since yi G i?2- If, otherwise, n = 1, 

since Pdug) = 0, 

= e TTE{x+yl)ul{x+yl) = TrE{ex+eyl)ul{x+yl) ^ nEiyi) u\. 

Therefore, yi G E-^ and then Lemma 2.4 implies: 



Case 2): A ^ 0. 

In this case we cannot conclude simply as in the previous one because of the inter- 
ference of the Lagrange multiplier. Some technical work is needed here. 
Let 



H, 



Lemma 3.11. We have that u^xh, -^ in the L'^-norm and in the LP^^-norm. 
Proof. Let ij; = {x e M^ I A ■ X < f^ } c i?e. We will prove that 



(24) 

Suppose by contradiction that 

(25) 



ui ^Q, as £ -J- 0. 



H' 



ui ^ 0, as £ -^ 0. 



H' 



Since I3e{ue) = and \ E E, we have 

0= / \-he(x)ui^ I X-xul+ I X-xui^^ 



(H'^rnBi 



H'nBl 



Therefore 



and so 



3£ 



ul< 



{H'^rnBi 



X ■ X ut 



H'nBl 



< 



3£ 



|A|i?3 



A-; 



[H'^rnBi JH'^nB 



H'nBl 



ui ^ 0, as £ -^ 0. 



'{H'^rnB- 

This last formula, together with (25), implies that u^xb^ ^ in L^(R^) but we get 
a contradiction with Lemma 3.8 and so the first part of the lemma is proved. 
Let us now consider the second part of the statement. 
Let (bp : R^ — > M be a smooth function such that 



0e(x) 



1 inif^, 
ln{H,Y, 



and with ^ (p^ t^ 1 and |V(/)j| ^ Ce. Multiplying (15) by u^c})^ and integrating, 
we have 



iVu, 



H, 



H,\H', Jh, 



■e0e' 



9e{x,Ue)UeCJ)e 



H, 



Xe-h^{x)u^(j), 



H, 
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Therefore, by (fg), ii S > is sufficiently small, there exists Cs > 0, such that 

|Vue|'+/ (v{ex)-^-S)ul^O{e)+Cs 



and so the conclusion follows by (24). D 

We consider a sequence Sk -^ 0, that we still denote by e. 

Proposition 3.12. There exist n G N, c > and, for all i = 1, . . . , n, there exist yl e 
B| n iJe, y, e B2 and u, e H^{R^) \ {0} such that 

\yl -yi\^ 00, ifi ^j, 

u,{- + yl) -^ M,, weakly in iJ^(R^), 

\\Ut\\ > c, 
n 

and Ui is a positive solution of 

-Auj + V{yi)ui = g{yi, u,) + A • y^Wi. 

Proof. We define m^ the even reflection of u^\h^ with respect to dH^. Observe that 
{-Ue} is bounded in i/^(M^) and does not converge to in LP+^(M^) (recall Lemma 
3.11). Then, by concentration-compactness arguments (see [25, Lemma 1.1]), there 
exists yl G M^ such that 

/ w^ ^ c> 0. 

JB{yl.l) 

By the even symmetry of u^ and by Lemma 3.9, we can assume that yl <E H^D B^. 
Therefore there exists ui G i7^(R^) \ {0} such that vl ~ u^{- + yl) -^ ui, weakly 
ini?i(R^). 

Observe that vl solves the equation: 

-A«i + V{ex + eyl)vl = g{ex + eyl,vl) + A^ • K(,x + 2/^i)w^\ 

and so, passing to the limit , ui is a weak solution of 

-Aui + V{yi)ui = g{yi,ui) + A • yiUi, 

where j/i = lim^^o syl- 

Since y^ G H^, we have that A • j/i < q;i/2 and so j/i G ^2 (otherwise ui should be 
0) and, by (fg), we easily get that there exists c > such that c ^ ||iii ||. Moreover, 
observe that 

ll"e||^||«l||. 

Let US define w^ = u^—ui{-—yl). We consider two possibilities: either ||i(;^||jyi(^^-) — : 
or not. In the first case the proposition should be proved taking n = 1. In the 
second case, there are still two sub-cases: either \\wl \\lp+^{h^) ^ or not. 

Step 1: Assume that ||w^ \\lp+^{h^) -^ 0. 

In such case, we can repeat the previous argument to the sequence {w^}: we 
take vol i^^ even reflection with respect to dH^, and apply [25, Lemma 1.1]; there 
exists yl G i?e such that 

[wl)'^ ^ c> 0. 
B[yi,i) 
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Therefore, as above, there exists U2 £ H^ (M^) \ {0} such that v^ ~ wl[- + y1) -^ U2, 
weakly in H^(M.^). Moreover, \yl - y^\ ^^ +00 and ey^ — > ^2 ^ B2, and 

-Au2 + V{y2)u2 = .g(y2, U2) + A ■ ^2^2, 
and IIU2II ^ c > 0. Moreover, by weak convergence, 

\\u,\\'^\\u,f+\\u2r. 

Let us define w1 := w\ — U2{- — y1) = u^ — ui{- — yl) — U2{- — yf). Again, if 
\\w'^\\h^{h^} -^ 0, the proof is completed for n = 2. 

Suppose now that ||w£||//i(//^) -^ 0, ||wg||ip+i(^^) -^ 0. In such case we can 
repeat the argument again. 

Observe that we would finish in a finite number of steps, concluding the proof. 

The only possibility missing in our study is the following: 

(26) at a certain step j, \\wI\\h^h,) -^ 0, and \\wI\\lp+i[h,) ^ 0, 

where w^ ^ u^ - Y.k=i ^k{- ~ y^)- 

Step 2: The assertion (26) does not hold. 
Suppose by contradiction (26). Let us define 



H, 



} = [xeU''\X-x^^}, 



where ^ < ai < 2|i. We claim that 

(27) \\wI\\lp+i(^h^)-^0- 

By (26) there exists S > such that 

(28) hefffi(H.) ^ E ii"fc(- - y'MlHH,) + ^- 

fc=l 

Let us fix i? > large enough and choose a cut-off function satisfying the 
following: 

'0 = in (ui^,i3(^/,^i?))u(i/l)^ 

0-1 mH,\{Lii^,B{yi,2R)] 

^ 0^ 1, 

[ |v0Kc/i?. 

We multiply (15) by 0Ue and integrate to obtain: 



0|Vu£r +We(Vue • V0) + y(ex)0w^ = / 5e(x, Ue)0w^ + A-/ie(a;)0M^. 
Therefore, by using (fg) and the properties of the cut-off we get: 
(29) / (|Vu,|2+cw2)_C ^ /■ ^p+l^ 

J H,\{ui^,B{yL2B^)) ^ J H^\{ui^,B{yi ,R)) 

Observe moreover that by regularity arguments u^{- + y^) ~> Wfc in Hl^^. Then 
(28) implies that the left hand term in (29) is bounded from below: this finishes the 
proof of (27). 

Then, we can repeat the whole procedure: there exists y^+^ G H^ such that 

Ue{- + vi'^^) -^ '^3+1- Define wi^^ ^ w^ — Wj+i(- — yl'^^)- Observe that since 
\\wi\\Lp+^(H,) -> 0,wehavethatdist(2/^+\i7e) -^ +00. 

Now we go on as above, replacing H^ with Hi. If for certain j' ^ j + 1 we have: 

WwIWhhh}) -^ 0, and ||w^' 11^^+1(^1) -^ 0, 
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we argue again as in the beginning of Step 2 to deduce that ||w^ \\lp+^{h^) ^^ 0, 
where 

02-1 

e r 



H^ = Ix eR^ \X-xii 



withai < a2 < ^. 



In so doing we can again continue our argument, eventually introducing 



hI^ ^x eM.^ \X-x ^ 



withaj-i < ai < ^. 

Since all limit solutions Uk are bounded from below in norm, we end in a finite 
ntmiber n of steps. Therefore, we obtain 

dist(y^', iJe) -^ oo, Vk = j + 1,.. .n,, 



Y^ uk{- - ye)\\m{Hr) -^ 0, for a suitable q. 



k=l 



This implies that 



k=l 

but this is in contradiction with \\wl \\h'^(^h^) ^^ assumed in (26). 



n 



Our arguments distinguish two possible situations. Let us consider each of 
them separately. 

Case 2a): X- yt ^ 0, for alH = 1, . . . , n. 
Since /3e(we) = 0, we have that 



0=/ Xe-K{x)ui+ X,-h,{x)ui. 

By Proposition 3.12 and since X ■ iji ^ 0, for all i = 1, . . . , n, we know that 



/ Xe ■h^{x)ul -^y^X-yi I 



uf ^ 0, 



whereas A^ • h^{x) ^ ^ in i3| \ i/g. Therefore we have 



and 
(30) 



2e 



A • 2/i = 0, for all i = 1, . . . , n, 



/ ul ^ Xe ■ h^{x)ul -5-0, as e ^ 0. 



With that information in hand, let us estimate the energy Ie{ue)'- 

'I 



Ie{Ue) 



f 

my 



-{\Vu,\'' + V{ex)ul) - G,{x,u,) 



{\yue\^ + V[ex)u'i) - Ge[x,Ue) 

\Vue\'' + V{ex)ul) - G,{x,ue) 
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By Proposition 3.12, we have that 



S|nHe 



-{\Vu,\^ + V{ex)ul) ~ G,{x,u,) 



= E^S.K) + Os(l). 



Moreover, since {ue}e>o is a bounded sequence in H^{R^) and so also in L'^{R^) 
(for a certain s > p + 1), we can use interpolation and (30) to get 



Then, we obtain: 



Bi\H, 



/ uP+^ -^0, as e ^ 0. 



-{\Vu,\^ + V{ex)ul)~G,{x,, 



^Oe(l). 



Finally, by the definition of G^ {x, u), we have: 



'(S|) 

So, we get the estimate: 



-{\Vu,\^ + V{ex)u';) ~G,{x,u,) 



^0. 



lim bs = lim ie{ue) ^ ^ Jy.iui). 



Reasoning as in Case 1, we easily conclude whenever n > 1. Moreover, if n = 1, 

= e tte{x)uI{x) ~ e / tte{x)uI{x) + e / tte{x)uI{x). 

By (30), the second right term of the last expression tends to 0. By arguing as in 
Case 1, we conclude: 



TrE{x)ul{x) ^ TTEiVl) \ u\ 



B%r\H^ 



Then j/i G E^ , and we conclude 



Jyi(iti) ^ mviy^) ^ m. 



Case 2b): there exists at least an z = 1, . . . , n such that A • j/i < 0. 

Without lost of generality, we can assume that \ ■ yi < 0. Let s > such that 
i3(yi, 3s) C i?3, with y^ ^ B{yi,?>s) for all j/i 7^ j/i, and such that A • a; < 0, for all 
X € B{yi,'Ss). We define -Bf = e~^B{yi, s) and Bf^ = e~^B{yi,2s). By Proposition 
3.12, there exists c > such that 



(31) 



u: ^ c> 0. 



Let 6s be a smooth fiinction such that 



<t>6ix) 



1 ifxeB^, 

ifxe(i?L)^ 
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with ^ 0e ^ 1 and |V(/)e| ^ Ce. Repeating the arguments of the proof of Lemma 
3.10, we multiply (15) by {dj^ We)0e, where A^ = X^/\Xs\. We have 

Jb', " JBf,\Bf 



+ / V{£x)u^{d~^^u^ 



ge{x,Us){di Us)4>e 



(32) 



(Ae ■ h^{x))Ue{dj^ Ue 



Let us evaluate each term of the previous equality. Since 

l|Me||i/i(B|,\S|) -^ 0, 

we have 

(33) / [Vu, ■ V{d~^ ti,)]0, - -i / |Vwep9x 0e = o(£). 



(34) 



/_B|,,\_BJ 

Analogously we have 

V^(£X)W£(93^ Me) 



(Vlte • V^e)9^ Ue = 0(e). 



\j^^{d^xV{ex))ulc^,-\ 



BL\Bl 



V{£x)uldl(t>e 



(35) 



2 ./BJ 



(9, ^(£x))M2^e + 0(£). 



Observe that 9^ x(ea;) ^ for all x £ Sf^; this is the key point of our estimates in 
this case. Then, by (fl) we get that 



geix,Us){di u. 



BL 
(36) 

Finally 
(37) 



A^^-e/Ve 



e / {F{u,) ~ F{uMdlx{^x))c^, 



Ge{x,u^)d~^ (j), 



BL\B: 



A,V-e 



^ 0(e). 



(Ae ■ h^{x))u^{di u, 



\_ ^e/'Te 



--lAeiy ^ M^0e + O(£). 



Therefore, by (31)-(37), we obtain the inequality: 



c(|A|+oai))< 



ui^,^ / (9. y(£a;))M,^0,+o,(l) 



^C max |Vy(x)|+ 0^(1). 

We can choose B^ sufficiently small such that, for a suitable S > 0, we have that 
|A| < 5 and 

Bl c H,. 

Now we can estimate Ie{ue) in the following way: 



leWe) 



(S| 



{\yiLe\^ + V{ex)ul) -Ge{x,ue) 



\VUe\^ + V{£x)ul) -G,{x,Ue) 



SEMI-CLASSICAL STATES FOR THE NLSE 



21 



Since Bf c H^, we can apply Proposition 3.12 to obtain: 



/ [ 



]^{\Vu,\^ + V{ex)ul) ~ G,{x,u,) 



^J^.(u,)+Oe(l). 



Moreover, by the definition of G^{x, u), we have: 

]^{\Vu,\^ + V{ex)ul) ^G,{x,u,) 



'(S|) 

Then, we conclude that: 



^0. 



LSUe) ^^ Jj;,K) + Oe(l) 



i=l 



As in Case 1, we conclude easily if n > 1. Assume now that n = 1; since 
-Bf C Hg, we can argue as in Case 1 to obtain: 

TTe{x)uI{x) -> TTEiyi) 

But this is in contradiction with the hypothesis of Case 2b), namely, A • j/i < 0. 

D 



4. Asymptotic behavior 

In this section we will study the asymptotic behavior of the solution obtained 
in Section 3. As a consequence, u^ will be actually a solution of (3): in this way we 
conclude the proof of Theorem 1.1. 

Let us define u^ the critical point of I^ at level m^, that is, 

(38) — Aue + V{ex)u^ = g^x, u^). 

Moreover, Propositions 3.2 and 3.3 imply that Ie{ue) -^ m. 

The following result gives a description of the behavior of w^ as e ^> 0: 



aN 



0, there exists a subsequence (still denoted 



such that: 



Proposition 4.1. Given a sequence e 
by Ej) and a sequence of -points y^. e K 

• ^jV^j -^ 0. 

zvhere U £ S (see (10)). 

Proof. For the sake of clarity, let us write e = Ej. Our first tool is again Proposition 
4.2 of [20]; there exist I e N, sequences {y^} c M^, yk £ B2, Uk £ H^{M.^) \ {0} 
(A; = 1 , . . . /) such that: 

. ly^^-yfl^+ooiffc^fc', 

• ey^ -> ijk, 
I 



J2Uki-~y'^) 



4.(4"=o, 



. Ie{ue)~^Ek=iJy.iUk). 
For the definition of Jy^ see (11). Observe that Jy^{Uk) > iT^vivk) since Jy^ > 
^v{yk)- Moreover, Lemma 2.4 implies that rnyi^y^) ^ m — S for any yk G B2, where 
i5 > can be taken arbitrary small by appropriately shrinking B2 : this implies that 
1 = 1. So, the only thing that remains to be proved is that yi = 0. 

Our argument here has been used already in the previous section, so we will 
be sketchy. By regularity arguments, {u^} C i/^(]R'^) and is bounded. Choose 
r > and <f>e a cut-off function so that (peix) = 1 in B{yl,re^^) and (pd^) = 
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if X e B{yl,2r£-^Y, with \SI(j)e\ < Ce. By multiplying (38) by (l)e{x)d^Ue and 

integrating, we obtain: 

(39) 

]-e f d,Viex)ul{x) - e / d,x{£^)[F{u,{x)) - F{u,{x))] = o{e). 

If X is C^{B{yi,r)), we divide by e and pass to the limit to obtain: 
(40) \d.V{y,) [ Ulix) ~ d^xiyi) I [F{U,{x))-F{U,{x))]^Q. 

We consider three different cases: 

Casel: yi E Bi. 

Take r > so that B{yi,2r) C Si. By (40), we get that d^V{yi) = 0. Since i' is 
arbitrary, yi is a critical point of 1^ in _Bi, and therefore yi = 0. 

Case 2: j/i £ S2 \ S^. 

In this case we will arrive to a contradiction. Take r > so that B{yi, 2r) C 
^2 \ Bi and i^ = t^?/i- By the definition of x (see (6)), d^x{vi) = ^1/(^2 - -Ri)- 
We now use the Pohozaev identity for Ui to get: 
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iVC/iP + -TrV{yi)U^) = iV / x{yi)F{Ui) + (1 - x(yi))^(f/i) 
<«f / Ul{x)+Nx{m)l [F{U,{x))~F{U,{x))] 



and so 

cf Ul^ f [F{U^{x))-F{U,{x))]. 

So, it suffices to take R2 — Ri smaller, if necessary, to get a contradiction with (40). 

Case 3: yi e dBi. 

Also in this case we obtain a contradiction. Indeed, observe that here x(yi) = 1, 
and so U^ is a solution of: 

-AC/i + V{yi)Ui = f{Ui). 

Since Jy^{Ui) = $y(j^j)(C/i) = m. Lemma 2.4 implies that V^(j/i) = 1. By (5), 
then, there exists r G M^ tangent to dBi at t/i such that drV{yi) ^ 0. 

We now argue as above, with the exception that here x is not C^ . However, it is 
a Lipschitz map so that (39) holds: let us choose r < R2 — R\ and v = t. Now we 
can write: 

drX{ex){F{u,(x)) - F(u,{x))\ 

B(yl,r/e) 



1 



R2 - Rl J B(Q,r/^) 



\x-t\ , \yl-T\ 



x + yl\ \x + yl\ 
1 f \{x + yl)-T 



[F{u,{x + yl))-F{u,{x + yl))] 



J, J, I I j_ 11 [F{u,{x + yl))-F{u,{x + yl))]^Q. 

In the above limit we have used again the dominated convergence theorem and 
the strong convergence of Ue{- + ysY ■ Then, we can divide by e and pass to the 
limit in (39) to get: 

\drV{yi) I UUx) = 0, 



a contradiction. 

n 
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Proof of Theorem 1.1. It suffices to show that u^ is a solution of (1). Let us show that 
indeed u^{x) — !► as e — > uniformly in .t 6 {Bfy. By Proposition 4.1 we obtain: 

\\ue\\m{{B^„r) =^ 11"^ - ^(- - y^OII + \P(- - ye)\\HmB^r) -^ 0, 

as e — > 0. By using local L°° regularity of u^, given by standard bootstrap argu- 
ments, we obtain that for any x G {BfY, 

||w£|Il°'(B(x,1)) =^ C!\We\\H^(B{x,2)) < C'll«£ ll_H"i((Bg)-) ^ 0. 

This concludes the proof. 



n 



5. Appendix 



In this section we prove Proposition 5.1, that has been used in the definition of 
the truncation (see (5)). Moreover, we will discuss some possible extensions of our 
results. 

Proposition 5.1. Let V : B{0, R) c M^ -^Rbea C^^^ function with a unique critical 
point at 0, and assume that F(0) = 1. Then, the following assertion is satisfied for almost 
every R e (0, Rq): 
(41) 

Vx e 95(0, R) with V{x) = 1, drV{x) ^ 0, where r is tangent to dB{0, R) at x. 

Proof. The proof is an easy application of the Sard lemma. Given S G (0, Rq), let us 
define the annulus A = A{0; 6, Rq). Let us consider the set: 

M = {xeA\ V{x) = 1}. 

If M is empty, we are done. Otherwise, since V has no critical points in A, 
the implicit function theorem implies that M is a A^ — 1 dimensional manifold 
with C^^^ regularity and a finite number of connected components; then, we can 
decompose M ~ U"^j7\/i, where KU are connected. 

Let us define the maps: 

ij, -.NU^n, tlj{x) = \x\. 

Since Mi is a C^^^ manifold, we can apply Sard lemma: if we denote by Si C 
(8, Rq) the set of critical values of t/ji, then Si has Lebesgue measure in M. Define 
S = Uf^iS",. It can be checked that for any R e {S, Rq) \ S, (41) holds. 

Now, it suffices to take Sn — > and S*" the corresponding set of critical values. 
Clearly, U„gN<5'" has also Lebesgue measure, and this finishes the proof. 

D 

Now we discuss some slight extensions of our result. As we shall see, a couple 
of hypotheses of Theorem 1.1 can be relaxed. However, we have preferred to keep 
Theorem 1.1 as it is, because in this form the proof becomes more direct and clear. 
So, let us now discuss those extensions of our results, as well as the modifications 
needed in the proofs. 

1. Condition (fO). The C^ regularity of f{u) implies that all ground states of 
{CVk) are radially symmetric (actually, C"'^ regularity suffices). However, this is 
not really necessary in our arguments. Indeed, in [9] it is proved that the set S is 
compact, up to translations, even for continuous f(u). So, in Section 3 it suffices to 
take 7(i) related toll e S such that: 

U{x)x = 0. 
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Moreover, we cannot use compact embeddings of H^ (R^) in the proof of Lemma 
2.4: the proof of that lemma must be finished by making use of concentration- 
compactness arguments. 

2. Condition (VO). The lower bound on V is strictly necessary in our arguments; 
the upper bound, though it has been imposed to make many computations, have 
a clearer form. Indeed, condition (VO) can be replaced with: 

(VO') < ai s; V{x) X 6 M^. 

In such case, some technical work is in order. First, we need to consider the 
norm: 

1/2 

|u||v= ( / \Vu\^ + V{x)u^ 

and the Hilbert space iJy of functions^ e i7^(R^) such that ||u||y is finite. Then, it 
is not obvious that the solutions U E S belong to Hy ■ Therefore, we need to define 
a cut-off function i/^e such that i/j^ — Im Bf, ^^ = in {B^y and {Vi'd ^ Cs. 
The cone C^ defined in (12) is to be replaced with 

c; = {^,7t(- - C) h € [0, 1], e e ^Bf n i?} . 

The estimates that would follow become more technical, but no new ideas are 
required. 
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